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Abstract
A method where polygon corners in Schwarz–Christoffel mappings are rounded, is used to construct mappings from the upper
half-plane to regions bounded by arbitrary piecewise smooth curves. From a given curve, a polygon is constructed by taking tangents
to the curve in a number of carefully chosen so-called tangent points. The Schwarz–Christoffel mapping for that polygon is then
constructed and modiﬁed to round the corners.
Since such a modiﬁcation causes effects on the polygon outside the rounded corners, the parameters in the mapping have to be
redetermined. This is done by comparing side-lengths in tangent polygons to the given curve and the curve produced by the modiﬁed
Schwarz–Christoffel mapping. The set of equations that this comparison gives, can normally be solved using a quasi-Newtonmethod.
The resulting function maps the upper half-plane on a region bounded by a curve that apart from possible vertices is smooth, i.e.,
one time continuously differentiable, that passes through the tangent points on the given curve, has the same direction as the given
curve in these points and changes direction monotonically between them. Furthermore, where the original curve has a vertex, the
constructed curve has a vertex with the same inner angle.
The method is especially useful for unbounded regions with smooth boundary curves that pass inﬁnity as straight lines, such as
channels with parallel walls at the ends. These properties are kept in the region produced by the constructed mapping.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Conformal mappings have for more than 100 years, been important tools in engineering, mathematical physics and
mathematics. For example, the use of a conformal map to transform the boundary in a two-dimensional boundary value
problem can often be an important part of the solution of the problem.
The application that motivated this work is the modelling of wave scattering in two-dimensional and some three-
dimensional curved waveguides with a varying cross-section [13]. The ﬁrst step in this procedure consists of cutting
the inﬁnite two-dimensional waveguide into ﬁnite length pieces transformed into inﬁnite sub-waveguides by adding
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Fig. 1. The regions  and  with control points.
inlet and outlet with constant width. With the so-called building block method [14,3], the scattering properties of the
original waveguide will be synthesized from the corresponding properties of the sub-waveguides. Secondly, each sub-
waveguide is mapped conformally to a horizontal strip resulting in a scattering problem for which an efﬁcient and stable
numerical method exists. This wave scattering method requires that the model region, i.e., the inﬁnite sub-waveguide,
has parallel walls at both ends. Furthermore, the mapping is a numerically tractable problem due to the conﬁnement of
the varying part to a ﬁnite part of the model region.
Hence, we need to ﬁnd a sufﬁciently accurate numerical approximation to one of the conformalmappings, guaranteed
by the Riemann mapping theorem, between a horizontal strip and a channel with varying cross-section and direction,
but with parallel straight line walls at both ends. Furthermore, the boundary curve of this channel is assumed to be
smooth.
To generalize the problem somewhat, assume that a conformal mapping function between a basic region R, (the
upper half-plane, the unit circle or a horizontal strip), and a region  is needed. (see Fig. 1.)  could be any simply
connected region in the complex plane, but in the case  is unbounded, we assume that its boundary curve approaches
inﬁnity as a straight line. A numerically constructed mapping maps R on a region  approximately equal to . It is
here required that the boundary curves  and  have the same direction in some set of control points. Especially,
when the regions are unbounded, it is necessary that  passes inﬁnity as a straight line and that the two curves have
the same direction through inﬁnity. Of course, we also want  to be a good pointwise approximation of . Finally,
must have a high degree of regularity between the control points. If  changes direction monotonically,  should
do the same, and if  is smooth,  should be smooth.
There exist many methods for constructing numerical conformal mappings; [7,11], together with [18,16] list a wide
collection. However, the required control of the direction of the boundary curve is not achieved by most of these
methods.
Instead, it is natural to think of the Schwarz–Christoffel mapping [6] from a basic region to a polygon. The very
heart of this function is that the mapped polygon sides have exactly the decided directions, even if the polygon vertices
are just approximated. But to achieve smoothness, we need to use some modiﬁed form of this mapping.
And there are as a matter of fact some generalizations of the Schwarz–Christoffel mapping available, mappings
that could give smooth boundary curves. In [4], Davis develops a method, where he constructs mappings where one
or several of the polygon sides are not straight lines but polynomial curves. There is also the method developed by
BjZrstad and Grosse [2] and later Howell [10], where mappings for regions bounded by straight lines and circular arcs
are constructed.
Another possibility, if a Schwarz–Christoffel mapping is used to control the directions in some points, would be
a combination with some other mapping that smooths the vertices. The Zipper algorithm [12] by Marshall is a very
fast and accurate method for numerical conformal mappings. One of its variants, the geodesic algorithm, generates a
smooth boundary curve, and could be used for such purposes. A discussion of these possibilities is given in [1].
A major break-through for practical use of the Schwarz–Christoffel mapping was when Trefethen made public his
pioneering methods [17], including the use of compound Gauss–Jacobi quadrature for calculating the integrals. His
work has later been extended by himself and Driscoll [6], by Howell [9] and others. The methods have also been made
accessible for a greater public in the user-friendly Schwarz–Christoffel toolbox for Matlab [5], made by Driscoll.
We have in this work used an idea by Henrici [8], where a modiﬁed Schwarz–Christoffel function maps the upper
half-plane on polygons with rounded corners. Using this idea, we get a C1 boundary curve for which we can control
the direction in certain points, and furthermore, we also know that this curve changes direction monotonically between
these points. In [17], Trefethen suggests a computer implementation of this method. As far as we know, this work has
not yet been done.
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Henrici gives in [8] a couple of examples where he uses rounded corners, all of them concerning regions with at
most two ﬁnite corners. Therefore, in his examples, no parameters, except the multiplicative constant in the integral,
need to be determined. In [13], Nilsson uses the idea in a geometry similar to the one in Example 6.3 below, to solve
an acoustic wave-scattering problem. But no general method to determine the parameters is given. In the literature, we
have not found any attempt to use Henrici’s idea systematically, nor any algorithm by which the parameter problem
could be solved.
In this work, we use tangent polygons for two purposes. First, a given region is approximated by a tangent polygon
in which the corners are rounded. Then, by comparing side-lengths in tangent polygons, we get a method to determine
the parameters.
The method, developed in this paper, could in principle be used for any bounded region with smooth or piecewise
smooth boundary. However, to get a good boundary correspondence, most regions require the use of tangent polygons
with very many sides, and this results in complicated mapping functions. The method could therefore hardly compete
with for example integral equation methods for most bounded regions with smooth boundary curves. A possible
exception though, is when parts of the boundary are straight lines, in which case the method developed here results
in an approximate region with that property preserved, and furthermore, with the straight line parts having the correct
direction.
For unbounded regions, the method is for natural reasons useful, only when the boundary curve approaches inﬁnity
as a straight line. But again, when it is important that such a property should be kept by the approximate mapping, a
method built on the Schwarz–Christoffel mapping seems to be the only choice.
The plan of the paper is as follows: In Section 2, the idea of rounding corners is described.An approximation theorem
is also given. Tangent polygons and some related results are presented in Section 3, and an algorithm for solution of
the parameter problem is given in Section 4. In this section, we also prove the existence of parameters. Some ﬁnal
comments are given in Section 5, and a couple of examples in Section 6.
2. A modiﬁed Schwarz–Christoffel mapping
2.1. The Schwarz–Christoffel mapping
The Schwarz–Christoffel mapping
z = f (w) = A
∫ w
w0
n∏
k=1
(− wk)k−1 d+ B, (1)
maps the upper half-plane conformally and one to one, onto a polygon with interior angles 1, . . . , n. The real
numbers w1, . . . , wn are called prevertices, and are preimages under f of the polygon’s vertices z1, . . . , zn. Inﬁnite
vertices are allowed. Inﬁnity is by f mapped on a point on the polygon side znz1. It is possible to omit the last factor
(− wn)n−1 in (1), in which case inﬁnity is mapped to the last polygon vertex zn.
The parameter problem, i.e., the determination of the constants A,B,w0, . . . , wn in (1) is not trivial. It is clear
that |A| resizes, argA rotates, and that B together with w0 translates the polygon. But the placing of the prevertices
w1, . . . , wn determines the polygon side-lengths in a non-obvious and non-linear way. Since the discovery of the
Schwarz–Christoffel mapping, it has been known that the Riemann mapping for any polygon is of the type shown in
(1). This means that solutions of the parameter problem exist. The solution is not unique, but it is easily seen that when
three real prevertices are ﬁxed, the other prevertices can be uniquely determined. However, it is quite recently, through
the work of Trefethen [17], that efﬁcient numerical methods for solving the parameter problem have been developed.
We have in this work used the SC-toolbox [5] by Trefethen and Driscoll, and it constructs a Schwarz–Christoffel map
with w1 = −1, wn−1 = 1 and wn = ∞. If necessary, a Moebius transformation, for example
m(w) = w − 1
w + 3 , (2)
takes us between this version of (1), and a version with all the prevertices ﬁnite.
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2.2. Rounding the corners in a Schwarz–Christoffel mapping
In [8], Henrici describes a method to round the corners in a polygon, by modifying the related Schwarz–Christoffel
mapping. We use a variant of his idea.
Let f be a Schwarz–Christoffel mapping that maps the upper half-plane onto a polygon P with vertices z1, . . . , zn
and corresponding preimages w1, . . . , wn. We will sometimes use the notations z0, w0, zn+1 and wn+1 as synonyms
for zn, wn, z1 and w1, respectively. The corner at zk in P can be rounded if the factor
sk() = (− wk)k−1 (3)
in (1) is replaced by
hk() =
{
ak((− (wk − k))k−1 + (− (wk + k))k−1), k > 1,
bk((− wk + k)k − (− wk − k)k ) k < 1, (4)
for k <min{wk − wk−1, wk+1 − wk} using positive constants ak and bk .
Let g be a mapping where one or several of the factors sk have been replaced by corresponding factors hk , where
wk − k >wk−1 + k−1. In [8], it is shown that g maps the upper half-plane conformally and one-to-one onto a region
Q. Furthermore, in the intervals [wk − k, wk + k], arg g′(w), the direction of the boundary curve g(w), is continuous
and monotonic. Outside the intervals [wk − k, wk + k], the curves f (w) and g(w) have the same direction. This
means that Q is a “polygon” with rounded corners, a region which we in the sequel sometimes will call a “rounded
polygon”.
The constants ak and bk could be set to any positive value, if a corresponding redetermination of the parameter |A|
is done. Henrici suggests ak = 12 and bk = 12k , but if Q without any further adjustments is expected to be as similar as
possible to P, of course apart from the rounded corners, a slightly different value of bk must be used. For  outside the
interval [wk − k, wk + k], we have
(− wk ± k)
(− wk) =
(
1 ± k
− wk
)
=
(
1 +
∞∑
n=1
(±1)n (− 1) . . . (− n + 1)
n!
(
k
− wk
)n)
.
This means that
(− wk + k)k−1 + (− wk − k)k−1
= 2(− wk)k−1
(
1 +
∞∑
n=1
(k − 1) . . . (k − 2n)
(2n)!
(
k
− wk
)2n)
(5)
and
(− wk + k)k − (− wk − k)k
= 2kk(− wk)k−1
(
1 +
∞∑
n=1
(k − 1) . . . (k − 2n)
(2n + 1)!
(
k
− wk
)2n)
. (6)
Hence, with the values
ak = 12 , bk =
1
2kk
(7)
in (4), sk() and hk() are approximately equal far from wk .
Evidently, one cannot just replace the factors in the Schwarz–Christoffel mapping for some polygon, and as a result,
get a polygon that apart from the rounded corners has the same size and shape. By choosing the constants ak and bk
as in (7), the sizes of the polygon and its rounded cousin are approximately the same, but as is seen from (5) and (6),
we have an extra real factor in the integral for each rounded corner. And this factor is not constant, it varies with the
distance from the rounded corner where it has its origin. This affects the side-lengths and therefore the shape of the
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polygon with rounded corners. Note also that these effects are larger for corners with sharp angles, where |k − 1| is
not small.
However, by using small k , a polygon with rounded corners arbitrarily close to the original polygon can be achieved.
Theorem 1. Let f be a Schwarz–Christoffel mapping and g the modiﬁed function where some of the factors sk in f have
been replaced by factors hk in accordance with (4) and (7). Let  = (1, . . . , n). Then, for any x ∈ R,
lim
→0 g(x) = f (x). (8)
Proof. The integral g(x)−f (x) can be divided into integrals over intervals resulting in straight lines ([wk +k, wk+1−
k+1]) and integrals over intervals corresponding to rounded corners ([wk − k, wk + k]). For the straight line parts, it
is an immediate consequence of (5) and (6) that
lim
→0
∣∣∣∣∣∣
∫ wk+1−k+1
wk+k
⎛
⎝∏
j
hj () −
∏
j
sj ()
⎞
⎠ d
∣∣∣∣∣∣= 0. (9)
For the curved parts, we ﬁrst note that
∏
j
hj −
∏
j
sj = (hk − sk)
∏
j =k
hj + sk
⎛
⎝∏
j =k
hj −
∏
j =k
sj
⎞
⎠
.
In the interval I = [wk − k, wk + k], and for any small positive j , the factors hj and sj are bounded for j = k, so
let for some small r > 0,
M1 = sup
0<j<r
j =k
max
w∈I
∣∣∣∣∣∣
∏
j =k
hj (w)
∣∣∣∣∣∣ and M2 = sup0<j<r
j =k
max
w∈I
∣∣∣∣∣∣
∏
j =k
hj (w) −
∏
j =k
sj (w)
∣∣∣∣∣∣ .
Hence,∣∣∣∣∣∣
∫ wk+k
wk−k
⎛
⎝∏
j
hj () −
∏
j
sj ()
⎞
⎠ d
∣∣∣∣∣∣
M1
∫ wk+k
wk−k
|(hk() − sk())| d+ M2
∫ wk+k
wk−k
|sk()| d, (10)
and the theorem follows since both integrals are of order kk . 
3. Tangent polygons
Wewill use polygonswith rounded corners to approximate regions, bounded bypiecewise smooth curves, in situations
where it is of great importance to keep a good control over the direction of the boundary curve in the approximate
region. To be able to both construct an appropriate polygon and formulate equations for the parameters, we use tangent
polygons, constructed by taking tangents to the curves in a suitable set of points.Thismotivates the following deﬁnitions:
Deﬁnition 2. A tangent point on a curve 	 in the complex plane is a pair (z,
), where z is a point on the curve and 

is an angular direction of the curve in that point.
Deﬁnition 3. A CTP (curve with tangent points) is a curve 	, enclosing a simply connected region, with the following
properties:
(1) 	 is piecewise smooth, in the meaning that it changes direction continuously everywhere but at inﬁnity and at a
ﬁnite number of points, called vertices.
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Fig. 2. Left: tangent points on a curve and the corresponding tangent polygon. Right: tangent points and tangent polygon in a vertex on the curve.
(2) There is a real constant K such that any parts of 	 lying outside the circle |z|K are straight lines.
(3) On 	, there is a ﬁnite set M	 = {(zk,
k)|k = 1, . . . , n} of tangent points. The tangent points are numbered
such that (zk+1,
k+1) comes after (zk,
k) when following the curve in anti-clockwise direction. We can use
(zn+1,
n+1) as a synonym for (z1,
1). Further, the directions 
k are given such that 0< |
k+1 − 
k|. The
set of tangent points is chosen such that:
(a) 
k+1 = 
k .
(b) If 	 is bounded and has no vertices between zk and zk+1, then |
k+1 − 
k|< .
(c) There is at least one tangent point on each straight line part of 	.
(d) Any point of inﬂexion on a non-linear part of 	 is in M	.
(e) In a vertex z∗ on 	, a double tangent point (zk,
k) and (zk+1,
k+1) is placed, where zk = zk+1 = z∗ and

k and 
k+1 are the limits of the direction when approaching z∗ following the curve anti-clockwise and
clock-wise respectively, if this does not violates condition (a).
Property 2 means that if 	 passes inﬁnity, it does so as a straight line. From 3(a) and (c) follows that there is exactly
one tangent point on each straight line part of 	. On the other hand, this tangent point can be placed anywhere on this
straight line part. 3(d) ensures that the direction of 	 changes monotonically between the tangent points. In a vertex,
it might happen that |
k+1 − 
k| = . Since two consequent tangent points with the same direction are forbidden by
3(a), double tangent points are placed in at most one of two vertices which are connected by a straight line.
Theorem 4. To each CTP 	, there is a unique polygon P	 having sides that are tangents to 	 through the tangent
points.
Proof. The tangents are determined by the tangent points. Outside the circle |z|K , we see from property 2 and 3(c)
that 	 coincides with its tangents. If 	 does not pass inﬁnity between the subsequent tangent points zk and zk+1, by
properties 1 and 3(a), (b) the point of intersection between the tangents is a ﬁnite point in the complex plane. A vertex
on 	 is also a vertex in P	. Hence each pair of subsequent tangent points generates a unique polygon vertex. 
Note that the polygon is not necessarily simple, it might intersect itself. However, in this work, we consider CTPs
with simple polygons, something that can always be achieved by taking sufﬁciently many tangent points on the curve
(Fig. 2).
Let for k = 1, . . . , n, z′k be the point of intersection between the tangents in zk and zk+1. If z′k and z′k+1 are both
ﬁnite, the length of the side z′kz′k+1 is
Lk,	 = |zk − zk−1| sin(arg(zk − zk−1) − 
k−1)
sin(
k − 
k−1)
+ |zk+1 − zk| sin(arg(zk+1 − zk) − 
k)
sin(
k+1 − 
k)
. (11)
Deﬁnition 5. TheCTPs	withM	={(wk,
k)} andwithM={(zk,k)} are said to be d-uniform if |M	|=|M|=n,
and if for all k = 1, . . . , n

k = k and |zk − wk|<d . (12)
Since the directions are equal, d-uniform CTPs pass inﬁnity between corresponding tangent points. If	 or contains
straight line parts in which tangent points can be placed anywhere, corresponding tangent points are supposed to be
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placed as close to each other as possible.A CTP	 and its tangent polygonP	 are d-uniform if the polygon is considered
as a CTP.
Two polygons are said to be parallel if they have the same number of vertices (of which some could be inﬁnite) and
if corresponding sides in the polygons are parallel.
To measure the distance (	,) between the d-uniform CTPs 	 and , we use the maximal distance between the
curves between corresponding and subsequent tangent points. Assume that 	 and  have tangent points in zk and wk ,
respectively, for k=1, . . . , n, and that they are parameterized with parameters s and t, respectively, such that	(sk)=zk
and (tk) = wk for k = 1, . . . , n. Then, we deﬁne (	,) as
(	,) = max
k
{
sup
sk s sk+1
{
inf
tk t tk+1
{|	(s) − (t)|}
}}
. (13)
Theorem 6. Let 	 and  be d-uniform CTPs with M	 = {(zk,
k)} and M = {(wk,
k)}, and let F be the set of all
k ∈ {1, . . . , n} such that 	 is bounded between zk and zk+1. Then
(	,) max
k∈F
⎧⎪⎨
⎪⎩
|zk+1 − zk| sin |
k+1 − 
k|2 + 3d
cos
|
k+1 − 
k|
2
⎫⎪⎬
⎪⎭ . (14)
Proof. Let Q1 be the polygon with vertices z1, . . . , zn and Q2 the polygon with vertices w1, . . . , wn. We consider
ﬁrst the case where d = 0, i.e., M	 =M. If the curves pass inﬁnity between zk and zk+1, they coincide between those
tangent points, so we may consider only the ﬁnite parts of the curves. Let for any k ∈ F , z′k be the point of intersection
between the tangents through zk and zk+1. Since the direction of the curves changes monotonically between zk and
zk+1 but no other restriction on the curvature is given, the curves could be anywhere inside the triangle zkz′kzk+1.
Hence, the distance between the curves is less than the distance from z′k to the segment zkzk+1. With given angle at
z′k , this distance is greatest when the triangle is isosceles. The height in an isosceles triangle with base |zk+1 − zk| and
− (
k+1 − 
k) as interior top angle is
|zk+1 − zk|
2
tan
|
k+1 − 
k|
2
,
and since 	 and  are d-uniform, (	,) exists, and it follows that for d = 0,
(	,)(Q	, P	) = max
k∈F
{ |zk+1 − zk|
2
tan
|
k+1 − 
k|
2
}
. (15)
For d > 0, P	 and P are parallel polygons where the distances between parallel sides are less than or equal to d. These
polygons have interior angle  − (
k+1 − 
k) at vertex k, and the distance between them is less than or equal to the
greatest distance between corresponding vertices, i.e.,
(P	, P)
d
cos
(

k+1 − 
k
2
) . (16)
Furthermore, since
|zk+1 − zk| + |wk+1 − wk|2|zk+1 − zk| + 2d
and
(	j , P	j ) < (Q	j , P	j )
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we have
(	, P)(	, P	) + (P	, P) + (, P)
 max
k∈F
⎧⎪⎨
⎪⎩
|zk+1 − zk| sin |
k+1 − 
k|2 + 3d
cos
|
k+1 − 
k|
2
⎫⎪⎬
⎪⎭ . 
Using tangent polygons with rounded corners, an arbitrarily good approximation of the Riemann mapping for a
region  can be constructed.
Theorem 7. Let  be a simply connected region in the complex plane with a piecewise smooth boundary curve 	, and
let  be any positive number. Then a mapping g which maps the upper half-plane on a rounded polygon with boundary
C can be constructed such that (	, C)< .
Proof. Since 	 is piecewise smooth, we can, using sufﬁciently many tangent points, ﬁnd a tangent polygon P	 such
that (	, P	)< /2. Let f be the Schwarz–Christoffel mapping for P	, and g the resulting function when f is modiﬁed
using  to round the corners. From Theorem 1, it is possible to ﬁnd , so small that (C, P	)< /2. Hence
(	, C)(	, P	) + (C, P	)< . 
However, the technique suggested by Theorem 7, would most often, due to the many tangent points needed, result
in a complicated mapping function. There might be crowding problems [17,6,9] in the Schwarz–Christoffel mapping,
and the numerical integral calculation would be time consuming and maybe error-prone. Hence, it is interesting to
investigate if a method, where much simpler Schwarz–Christoffel mappings are modiﬁed with a larger , can be used
to get good approximate mappings for the given region.
4. The parameter problem
It is often possible to get a fairly good approximation of a given boundary curve, by rounding the corners in tangent
polygons with a reasonable number of vertices. Many curves coincide much more with the curve we construct, than
indicated by Theorem 6. The distance given there is the distance between the tangent polygon and a polygon with the
tangent points as vertices, and many curves are quite far from both these extremes. With a greater , this is also true
for the constructed curve.
However, from (5) and (6), it follows that the side effects when rounding corners are noticeable, and these effects are
greater for acute angles. If we want to use a rounded polygon with fewer vertices and a greater  as an approximation
for a given region, these effects have to be taken into account. This means that the parameter problem must be resolved,
i.e., the constants A,B,w1, . . . , wn in the mapping must be redetermined.
4.1. Determining the parameters
Let be a simply connected region in the complex plane, bounded by a smooth curve 	. An approximate conformal
mapping for  can be constructed as follows:
• Select tangent points z1, . . . , zn on 	 in accordance with Deﬁnition 2, turning 	 into a CTP.
• Construct the tangent polygon P	 and ﬁnd a Schwarz–Christoffel mapping f for this polygon.
• Replace each factor sk in f by a factor hk , given in (4), and construct the function
g(w) = A
∫ w
w0
n∏
k=1
hk() d+ B, (17)
which maps the upper half-plane on a polygon with rounded corners. Let for each k
0< k <min(wk − wk−1, wk+1 − wk)/2. (18)
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Call the boundary curve of this rounded polygon C.
• Turn C into a CTP, using the tangent points
k =
⎧⎪⎪⎨
⎪⎪⎩
g(w1 − 21), k = 1,
g
(
wk + wk+1
2
)
, k = 2, . . . , n − 1,
g(wn−1 + 2n−1), k = n
(19)
and construct its tangent polygon PC . Note that for each k, the direction of C in k coincides with the direction of
	 in zk , which means that the tangent polygons PC and P	 are parallel.
• Compare the side-lengths Lk,C and Lk,	 given in (11), yielding equations by which the parameters in g can be
determined.
Since argA rotates the region, it should not be changed when modifying the Schwarz–Christoffel mapping. B translates
the region and can easily be determined after the other parameters by comparing vertices in the tangent polygons P	
and PC . Three of the parameters can be set in advance. Hence, there are n − 2 real parameters left to determine, and
the system
Lk,C = Lk,	, k = 2, . . . , n − 1 (20)
can be used for this purpose.
If the polygons have at most one inﬁnite vertex, they have n − 2 independent, ﬁnite sides. For polygons with more
than one inﬁnite vertex, distances between vertices can still be used. In the case of a channel with parallel walls at the
ends, the case that motivated this work, it is easily shown that
lim
x→∞ A
∫ wk+x
wk−x
∏
j
hj () d= Ai, (21)
if wk is the ﬁnite preimage of one of the inﬁnite channel ends. This means that |A| equals the width of the channel at
the end of which is the image of inﬁnity, a statement that allows an easy determination of |A|.
We have used the half-plane map function in SC-toolbox [5] on the polygon P	 to get initial values for w1, . . . , wn
and A. The toolbox puts w1 = −1, wn−1 = 1 and wn = ∞. If all vertices are ﬁnite, we use (2) to get a mapping with
w1 = −1, wn−1 = 0 and wn = 1. Keeping these, we use (20) to redetermine w2, . . . , wn−2 and |A|.
Eqs. (20) can be solved using numerical methods. We have used a quasi-Newton method (where the derivatives are
approximated by two-sided difference quotients) with the parameters in the Schwarz–Christoffel function f as a starting
approximation.
The size of each k must be taken under some consideration. The condition (18) ensures that we on C can choose a set
of tangent points with the directions of the tangent points on 	. The placing of the tangent points on C is governed by
(19), but clearly the tangent polygon PC remains the same, wherever on the straight line part between g(wk + k) and
g(wk+1 − k+1) the tangent point k is situated. We may therefore assume that k is placed as close to zk as possible,
i.e., at the point where a normal to the line segment between g(wk + k) and g(wk+1 − k+1) through zk intersects C.
To ensure that this intersection really is on the line segment [g(wk + k), g(wk+1 − k+1)], we check that for
k = 1, . . . , n,
|zk − g(wk + k)| cos(arg(zk − g(wk + k)) − 
k)
< |g(wk + k) − g(wk+1 − k+1)|. (22)
If this condition fails, we have to restart the process with a smaller k or k+1.
4.2. Existence of parameters
Let gw, be a modiﬁed Schwarz–Christoffel mapping with parameters w= (w2, . . . , wn−2, |A|) and = (1, . . . , n)
that maps the upper half-plane+ on a n-sided polygon with rounded corners with boundary curve C. (As before, the
parameters w1, wn−1 and wn are assumed to be set in advance.) Let as before 	 be a CTP and let for k = 1, . . . , n,
Lk,C and Lk,	 be side-lengths in the tangent polygons PC and P	, respectively. PC and P	 are assumed to be parallel.
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Deﬁne functions F : Rn−2 × Rn → Rn−2 and S : Rn−2 → Rn−2 by
F(w, ) = (L2,C, . . . , Ln−1,C) − (L2,	, . . . , Ln−1,	)
and
S(w) = F(w, 0) + (L2,	, . . . , Ln−1,	).
This means that S(w) is a vector of side-lengths in the polygon gw,0(+).
We assume that the w-domain D ⊂ Rn−2 for S is such that gw,0(+) is a polygon which does not intersect itself.
Theorem 8. There exists a neighbourhood M ⊂ Rn of the origin, such that if  ∈ M , a unique solution w to the
parameter problem can be found, i.e., parameters w, such that F(w, ) = 0, exist.
Proof. S is a one-to-one mapping from D to a region H ⊂ Rn−2 consisting of all (n − 2)-tuples that are side-lengths
in non-self-intersecting n-gons. S is therefore invertible, and it is easily checked that all its partial derivatives exist and
are continuous for all w in the interior of D. Furthermore, using a Dirichlet problem technique, see for example [7] or
[11], to construct a mapping from a polygon to the unit circle, we can conclude that the mapping S−1 is differentiable
in the interior of H. Hence the functional matrix (S/w) is non-singular for all w in the interior of D.
Letw∗ be the parameters in the Schwarz–Christoffelmapping for the tangent polygonP	. It follows thatF(w∗, 0)=0.
By Theorem 1, F is continuous but not differentiable with respect to  in (w∗, 0), so the Implicit function theorem
as it is usually given in calculus text books cannot be used here. However, variants of the theorem which requires
only continuity in the second variable, are known since many years. (See for example [15].) From that theorem and
since F/w(w∗, 0) = S/w(w∗), we conclude that there is a neighbourhood M ∈ Rn of 0, such that the equation
F(w, ) = 0 has a unique solution for all  ∈ M . 
Corollary 9. For any CTP 	, there exist a function g of type (17), which maps the upper half-plane on a rounded
polygon with boundary C, such that the tangent polygons PC and P	 coincide.
Proof. Modify the Schwarz–Christoffel mapping for P	 to round the corners, using sufﬁciently small , and solve the
parameter problem to get g. 
5. Summary and conclusions
Modifying a Schwarz–Christoffel mapping to get a polygon with rounded corners can be a useful method to construct
an approximate conformal mapping for a region bounded by a smooth curve.As indicated in Sections 2.2 and 4.1, there
are at least two possible ways to ﬁnd suitable polygons and Schwarz–Christoffel mappings to modify. We summarize
them in two algorithms.
5.1. Two algorithms
Suppose that a conformal mapping is to be constructed for a region  with boundary curve 	, and that the distance
(	, C) between 	 and the boundary C of the resulting region should be less than .
Algorithm 1. Many tangent points and a small .
• Select tangent points on the boundary curve 	. The number of tangent points must be so large, that the distance
(	, P	) is less than  with some marginal.
• Find the Schwarz–Christoffel mapping for P	 and modify it, using an , so small that the parameters do not need
any redetermination.
• Is the result satisfactory? If not, use more tangent points. If the mapping function tends to be too complicated,
try Algorithm 2.
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Algorithm 2. A few tangent points and a greater .
• Select tangent points, as few as possible, to get a simple mapping function.
• Find the Schwarz–Christoffel mapping for P	 and modify it, using an  as large as possible.
• Try to solve the parameter problem. If the attempt fails, try with a smaller .
• Do the tangent points on 	 and C match, i.e., does the mapping fulﬁl condition (22)? If not, restart with other
tangent points or a smaller .
• Is (	, C)< ? If not, restart with more tangent points.
The number of tangent points needed depends of course on the shape of the model curve. Our experience tells us that
the distance between the model curve and the constructed curve is, after solving the parameter problem, at most one
tenth of the distance indicated by Theorem 6. A recommendation would therefore be to follow Algorithm 2, and there
start with sufﬁciently many tangent points, such that:
|zk+1 − zk|
2
tan
|
k+1 − 
k|
2
< 10.
Note also that when solving the parameter problem, one or two of the time-consuming Newton iterations is often
enough to bring down the distance between the corresponding tangent points (d in Theorem 6) to values far below the
distance between the curves between the tangent points.
5.2. Summary
Rounding of corners can be used to create an approximate conformal mapping for any region with a smooth or
piecewise smooth boundary curve. Themain feature with amethod built on the Schwarz–Christoffel mapping compared
to other methods for numerical conformal mappings, is that a full control of the direction of the boundary curve can
be guaranteed in any point where this is needed. In our applications, it has been of particular importance to ensure that
the approximate mapping for a channel produces a channel with boundaries that are parallel straight lines at both ends.
With a mapping, not derived from a Schwarz–Christoffel mapping, this would be difﬁcult to achieve.
For an unbounded region with a boundary curve that does not approach inﬁnity as a straight line, the method is
for obvious reasons not useful. For bounded regions, it could be competitive when the boundaries contain vertices or
when parts of the boundaries are straight lines. In those cases, the approximate regions will have boundaries with these
properties preserved, with correct angles at the vertices, and with the right directions in the straight line parts.
The modiﬁcation of a Schwarz–Christoffel function for a polygon to round the corners, brings about effects on the
size and shape of the polygon. To get a mapping function that produces a rounded polygon with a certain size and shape,
the parameter problem must be solved, at least if a greater  is used. This can be done by comparing side-lengths in
tangent polygons. The existence of a solution to the parameter problem is inTheorem 8 proved in a neighbourhood of the
origin. Since this might require the use of a very small , and since Theorem 1 shows that even the Schwarz–Christoffel
parameters give a good approximation if  is sufﬁciently small, the result is not very remarkable. For a given size of ,
the existence of parameters is not proved here.
By using sufﬁciently many tangent points, Theorem 7 shows that any required accuracy can be achieved, if one
is prepared to accept the cost of a complicated mapping function. However, it is often better to use fewer tangent
points, and then resolve the parameter problem. The latter method will, if it works, give a less complicated mapping
function, which means that when function values should be calculated, less computer power is needed, and fewer errors
originating from the calculations will be produced.
Given a region with a piecewise smooth boundary curve 	, we can use the methods described here to construct a
conformalmapping for a rounded polygonwith boundary curveC.We then know, that in the tangent points, the direction
of the two curves are equal. So, the constructed mapping function maps the real axis on a curve that (approximately)
passes through all the tangent points on 	, and that in those points has (exactly) the same direction as 	. C and 	 have
the same straight line parts with the same direction, even through inﬁnity, and their vertices have the same inner angle.
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6. Examples
6.1. The heart region
The model region is here a heart-shaped bounded region composed of four straight line segments with vertices in
0 and −i, where the inner angles are 5/3 and /3, respectively, and two half circles with radius 14 and centres in
±1/2√3 (Fig. 3).
One tangent point is placed on each of the four line segments, and to get the error according to Theorem 6 below
0.01, 15 tangent points are placed on each of the half circles.After two Newton iterations, with the Schwarz–Christoffel
parameters for the tangent polygon as a starting approximation, the maximal side length error in the tangent polygon
is 3 · 10−7, the maximal tangent point error is 5 · 10−5, and the maximal error in the rounded corners is 5 · 10−4. The
parameters in the resulting function are shown in Table 1.
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Fig. 3. The heart region. The grid lines in the ﬁgure are images of w = wk + yi, y ∈ R+ where wk , k = 1, . . . , 33 are parameters in the mapping
function and w = x + 2k i, x ∈ R, k = −5, . . . , 1.
Table 1
Tangent points, tangent polygon vertices and function parameters in the mapping for the heart region
k zk 
k z
′
k k wk k
1 −0.0361 + 0.0625i 2.0944 −0.0845 + 0.1463i 0.9375 −1 0.0252
2 −0.1007 + 0.1648i 2.2907 −0.1170 + 0.1833i 0.9375 −0.9242 0.0172
3 −0.1365 + 0.1983i 2.4871 −0.1560 + 0.2133i 0.9375 −0.8724 0.0130
4 −0.1781 + 0.2242i 2.6834 −0.2002 + 0.2351i 0.9375 −0.8333 0.0104
5 −0.2240 + 0.2415i 2.8798 −0.2478 + 0.2479i 0.9375 −0.8020 0.0088
6 −0.2723 + 0.2495i 3.0761 −0.2969 + 0.2511i 0.9375 −0.7757 0.0077
7 −0.3213 + 0.2479i 3.2725 −0.3457 + 0.2446i 0.9375 −0.7527 0.0069
8 −0.3690 + 0.2367i 3.4688 −0.3924 + 0.2288i 0.9375 −0.7320 0.0064
9 −0.4137 + 0.2165i 3.6652 −0.4350 + 0.2042i 0.9375 −0.7128 0.0061
10 −0.4535 + 0.1880i 3.8615 −0.4720 + 0.1717i 0.9375 −0.6945 0.0060
11 −0.4870 + 0.1522i 4.0579 −0.5020 + 0.1327i 0.9375 −0.6766 0.0059
12 −0.5129 + 0.1106i 4.2542 −0.5238 + 0.0885i 0.9375 −0.6588 0.0059
13 −0.5302 + 0.0647i 4.4506 −0.5365 + 0.0409i 0.9375 −0.6405 0.0061
14 −0.5381 + 0.0164i 4.6469 −0.5398 − 0.0082i 0.9375 −0.6212 0.0064
15 −0.5365 − 0.0326i 4.8433 −0.5333 − 0.0570i 0.9375 −0.6001 0.0070
16 −0.5254 − 0.0804i 5.0396 −0.5175 − 0.1037i 0.9375 −0.5761 0.0080
17 −0.2887 − 0.5000i 5.2360 −1i 0.3333 0 0
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Table 1 (Contd.)
k zk 
k z
′
k k wk k
18 0.2887 − 0.5000i 1.0472 0.5175 − 0.1037i 0.9375 0.5761 0.0080
19 0.5254 − 0.0804i 1.2435 0.5333 − 0.0570i 0.9375 0.6001 0.0070
20 0.5365 − 0.0326i 1.4399 0.5398 − 0.0082i 0.9375 0.6212 0.0064
21 0.5381 + 0.0164i 1.6362 0.5365 + 0.0409i 0.9375 0.6405 0.0061
22 0.5302 + 0.0647i 1.8326 0.5238 + 0.0885i 0.9375 0.6588 0.0059
23 0.5129 + 0.1106i 2.0289 0.5020 + 0.1327i 0.9375 0.6766 0.0059
24 0.4870 + 0.1522i 2.2253 0.4720 + 0.1717i 0.9375 0.6945 0.0060
25 0.4535 + 0.1880i 2.4216 0.4350 + 0.2042i 0.9375 0.7128 0.0061
26 0.4137 + 0.2165i 2.6180 0.3924 + 0.2288i 0.9375 0.7320 0.0064
27 0.3690 + 0.2367i 2.8143 0.3457 + 0.2446i 0.9375 0.7527 0.0069
28 0.3213 + 0.2479i 3.0107 0.2969 + 0.2511i 0.9375 0.7757 0.0077
29 0.2723 + 0.2495i 3.2070 0.2478 + 0.2479i 0.9375 0.8020 0.0088
30 0.2240 + 0.2415i 3.4034 0.2002 + 0.2351i 0.9375 0.8333 0.0104
31 0.1781 + 0.2242i 3.5997 0.1560 + 0.2133i 0.9375 0.8724 0.0130
32 0.1365 + 0.1983i 3.7961 0.1170 + 0.1833i 0.9375 0.9242 0.0172
33 0.1007 + 0.1648i 3.9924 0.0845 + 0.1463i 0.9375 1 0.0252
34 0.0361 + 0.0625i 4.1888 0 1.6667 ∞ 0
A −0.0952 −0.1649i
The k’s are set to approximately 23 of the maximal values indicated by (18).
6.2. Inverted ellipse
The inverted ellipse
f (t) = 2ae
it
1 + a − (1 − a)e2it , 0 t < 2,
shown in Fig. 4, has points of inﬂexion where
cos t = ±
√
2a2 − 1
3(a2 − 1) .
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Fig. 4. The inverted ellipse with parameter a = 5. The grid lines in the ﬁgure are images of w = wk + yi, y ∈ R+ where wk ,
k ∈ {1, 11, 21, 24, 34, 44, 45, 55, 65, 68, 78, 88} are parameters in the mapping function and w = x + 2k i, x ∈ R, k = −12, . . . ,−1.
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In this example, we have used the parameter a = 5, and in addition to the points of inﬂexion, we have chosen tangent
points such that the error according to Theorem 6 is less than 0.1, a requirement that results in a total of 88 tangent
points.
With the parameters in the Schwarz–Christoffel mapping for the tangent polygon as a starting approximation, three
Newton iterations yields parameters in a mapping function, where the maximal error in the tangent points is 5 · 10−4
and in the rounded corners 0.04.
6.3. Channel
The region in this example is a channel, where the real axis is the lower boundary and the curve
z = x + i · y, y =
{3, x < 0,
2 + cos x, 0x,
1, x > 
is the upper. The chosen tangent points on the upper boundary have x-values −1, /8, 2/8, . . . , 7/8, + 1. On the
lower bound we use the origin as a vertex with = 1. Together with the two inﬁnite vertices, the tangent polygon has
11 vertices. The estimated error according to Theorem 6 is then less than 0.1 (Fig. 5).
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Fig. 5. The channel. For n = 0, . . . , 7, the images of the rays w9 + reni/7 and the half circles centred at w9 with radii 10−3+4.5n/7 are drawn.
(w9 ≈ 0.9908 is the ﬁnite preimage of −∞.)
Table 2
Tangent points, tangent polygon vertices and function parameters in the mapping for the channel
k zk 
k z
′
k k wk k
1 4.1416 + i 0 2.9478 + i 1.1163 −1 0.3803
2 2.7489 + 1.0761i −0.3655 2.5612 + 1.1480i 1.0796 0.5195 0.0840
3 2.3562 + 1.2929i −0.6155 2.1791 + 1.4181i 1.0415 0.8568 0.0203
4 1.9635 + 1.6173i −0.7459 1.8319 + 1.7389i 1.0126 0.9378 0.0084
5 1.5708 + 2.0000i −0.7854 1.3097 + 2.2611i 0.9874 0.9719 0.0018
6 1.1781 + 2.3827i −0.7459 0.9625 + 2.5819i 0.9585 0.9789 0.0009
7 0.7854 + 2.7071i −0.6155 0.5804 + 2.8520i 0.9204 0.9824 0.0005
8 0.3927 + 2.9239i −0.3655 0.1938 + 3i 0.8837 0.9844 0.0005
9 −1 + 3i 0 −∞ 0 0.9908
10 0 0 0 1 1 0
11 ∞ 0 ∞
A 0.31831
The k’s are set to approximately 23 of the maximal values indicated by (18).
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After solving the parameter problem, the maximal side length error in the tangent polygon is 2 · 10−7, the maximal
tangent point error is 5 · 10−6, and the maximal error in the rounded corners is 7 · 10−3.
The parameters in the resulting function are shown in Table 2.
6.4. Some comments on the examples
The heart region in Section 6.1 is an example of a bounded regionwith piecewise smooth boundarywhere rounding of
corners is a good alternative. Since the region in this particular example is a “polygon” with four straight line segments
and two circular arcs, a qualiﬁed competitor is of course the Schwarz–Christoffel variant for circular arc polygons,
created by BjZrstad and Grosse [2].
The inverted ellipse in Section 6.2 is a common standard example for conformal mappings, but is here rather a good
example of a region where the rounding of corners method is not the best choice. It is a bounded region with no straight
line parts in the boundary, and to get small errors, very many tangent points are needed. This results in a complicated
and slow mapping function, which could hardly compete, neither in speed nor in accuracy, with the functions created
by for example integral equation methods.
The channel in Section 6.3 is the example that motivated this work. As commented earlier, a Schwarz–Christoffel
variant is probably necessary if the channel ends are required to be parallel. The rounded corners method is here one
very competitive alternative. The error estimations in the example seem not impressive, but are actually quite good,
having in mind the few tangent points used and the simple resulting mapping function.
For the circular or nearly circular parts in the ﬁrst two examples, a boundary, slightly closer to the original, could
be achieved by using greater k’s in those parts. We have not in this paper investigated how to optimize the size of
individual k’s in order to give the best boundary correspondence.
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